Quantitative interpretation of the tidal response of water levels measured in wells has long been made either with a model for perfectly confined aquifers or with a model for purely unconfined aquifers. However, many aquifers may be neither totally confined nor purely unconfined at the frequencies of tidal loading but behave somewhere between the two end members. Here we present a more general model for the tidal response of groundwater in aquifers with both horizontal and vertical flow. The model has three independent parameters: the transmissivity (T) and storativity (S) of the aquifer, and the specific leakage (K'/b') of the leaking aquitard, where K' and b' are the hydraulic conductivity and the thickness of the aquitard, respectively. If T and S are known independently, this model may be used to estimate aquitard leakage from the phase shift and amplitude ratio of water level in wells obtained from tidal analysis. We apply the model to interpret the tidal response of water level in a USGS deep monitoring well installed in the Arbuckle aquifer in Oklahoma, into which massive amount of wastewater co-produced from hydrocarbon exploration has been injected. The analysis shows that the Arbuckle aquifer is leaking significantly at this site. We suggest that the present method may 2 be effectively and economically applied to monitor leakage in groundwater systems, which bears on the safety of water resources, the security of underground waste repositories, and the outflow of wastewater during deep injection and hydrocarbon extraction.
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Introduction
The response of aquifers to applied loads, such as Earth tides and barometric pressure, have long been studied for the evaluation of aquifer properties [e.g., Hsieh, et al., 1987; Roeloffs, 1996; Allègre, et al., 2016; Xue, et al., 2016] and their changes after earthquakes [e.g., Elkhoury, et al., 2006; Doan, et al., 2006; Liao, et al., 2015; Zhang, et al., 2015] . Interpretations of such responses have been made with models either for perfectly confined aquifers or for purely unconfined aquifers. Most aquifers, however, behave somewhere between these two end members [e.g., Galloway and Rojstaczer, 1989] . The vertical impedance to flow across the boundary of a confined aquifer is not infinite, and the response of aquifers to applied load depends on the time scale. With applied loading at low frequencies, a confined aquifer may exchange flow across its boundaries; and at high frequencies, an unconfined aquifer may exhibit some 'confined' behaviors. Thus the analysis of aquifer response to applied loads may benefit from the inclusion of a frequencydependent leakage.
A second motivation for inclusion of leakage in the study of aquifer response to applied loads comes from the coseismic response of water level to earthquakes.
Studies have shown that permeability of aquifers may change after earthquakes probably due to seismic shaking that dislodges debris and/or multiphase droplets though such an event has not been documented , the issue remains contentious . While continuous monitoring of leakage may be advisable in such situations, traditional methods such as well tests, numerical simulation, and geochemical monitoring are costly and labor intensiveinfeasible for continuous monitoring. Here we show that the analysis of the tidal response of water levels in wells provides an effective means for continuous monitoring of leakage in groundwater systems.
As noted earlier, the interpretation of the response of aquifers to Earth tides has been traditionally made either with a model for perfectly confined aquifer or with a model for purely unconfined aquifer. In this study we derive a new analytical solution for the response of groundwater in a leaky aquifer to Earth tides. We apply the model to analyze the tidal response of water level in a USGS deep monitoring well installed in the Arbuckle aquifer in Oklahoma, where massive injection of wastewater co-produced from hydrocarbon exploration is active.
Previous studies
The study of groundwater pumping in a leaky system has a long history.
Analytical solutions for pumping/injection in a leaky, multilayered-aquifer system have been developed since early last century. Hantush and Jacob [1955] and Hantush [1960] considered steady state and transient flow through the aquitard.
Solutions were extended to multilayered systems [Hemker, 1985; Maas, 1987a, b; Cheng and Morohunfola, 1993; Hemker and Maas, 1994; Cheng, 1994; Veling and Maas, 2009] and used to investigate pressure change in response to fluid injection or extraction in wells [Cihan, et al., 2011; Cardiff, et al., 2013; Sun, et al., 2015] .
The study of groundwater response to the solid Earth tide is different from that of groundwater pumping. In the pumping studies, the driving force in a well is treated mathematically as a boundary condition, while in the study of groundwater response to Earth tide the driving force acts on every point of the groundwater system. Furthermore, while the study of groundwater pumping in a leaky system has a long history, the study of the response of a leaky groundwater system to the solid Earth tide is at its infancy, as described below.
The classical model of tidal response of groundwater in a confined aquifer by Hsieh, et al. [1987] exploits the phase shift caused by the time needed for groundwater in the aquifer to flow into and out of the well; it predicts the a negative phase shift of water level oscillation relative to the tidal strain. Another model is for unconfined aquifer with purely vertical flow [Roeloffs, 1996; Wang, 2000] , which predicts an apparent positive phase shift of water level oscillation relative to the local tidal volumetric strain. This difference in the sign of phase shift predicted by the two models has been used in previous studies as the primary criterion for deciding if an aquifer is confined or unconfined and thus which of the above two models should be used in interpreting the tidal response [e.g., Elkhoury, et al., 2006; Liao, et al., 2015; Zhang, et al., 2015; Allègre, et al., 2016; Xue, et al., 2016] . However, as noted earlier, many aquifers may neither be totally confined nor purely unconfined at the frequencies of tidal loading, but behave somewhere between the two end members. Here we present a more general model with both horizontal and vertical flow for the response of groundwater to the solid Earth tide. We show that substantial leakage may occur when the phase shift is negative; thus negative phase shift in tidal response alone may not be a reliable criterion for deciding if an aquifer is confined.
Tidal Response of a Leaky Aquifer
Here we derive the response of the basic Hantush leaky aquifer to the solid Earth tide. The model consists of an aquifer confined above by a semi-confining aquitard that in turn is overlain by an unconfined aquifer (Figure 1) . The model applies Darcy's law across the entire aquitard of thickness b' and hydraulic conductivity K' and implicitly assumes that the aquitard is incompressible and has zero storage. The analytical technique for tidal analysis presented below builds upon previous works [Hsieh, et al., 1987; Doan, et al., 2006] and extends to the Hantush leaky aquifer. 
where ℎ is the hydraulic head above a common reference (Figure 1) , r is the radial distance from the studied well, T and S, respectively, are the transmissivity and storativity of the aquifer, is the tidal oscillating volumetric strain of the aquifer, B and ! , respectively, are the Skempton's coefficient and the undrained bulk modulus of the aquifer, and K' and b', respectively, are the vertical hydraulic conductivity and the thickness of the aquitard. A list of the notations and their definitions is provided in the Supporting Information. The model in Equation (1) differs from the classical model [Hsieh, et al., 1987] in its inclusion of the vertical leakage, approximated by -'ℎ/ ' and treated as a volumetric source term, which, as noted earlier, implicitly assumes that the aquitard is incompressible with negligible storage and the flow across it is vertical [e.g., Lee, 1999] . These assumptions may be justifiable if leakage through the aquitard is controlled by narrow vertical cracks. The topmost unconfined aquifer has high hydraulic conductivity; thus its hydraulic head is likely to be hydrostatic [Hantush and Jacob, 1955; Lee, 1999] .
The boundary conditions are
ℎ , = ℎ ! ( ) at r = ! , and
where ℎ ! = ℎ !,! !"# is the periodic water level in well with angular frequency and complex amplitude ℎ !,! , rw is the radius of the screened portion of the well, and rc is the inner radius of well casing in which water level fluctuates with tides ( Figure 4 ).
Following Hsieh, et al. (1987) , we use complex notation to facilitate the model development below. The solution is obtained by first deriving the response away from the well, ℎ ! , and then modifying it by taking into account the effect of the well on aquifer response by using a flux condition at the well that accounts for wellbore storage. Let the disturbance in water level due to the well be expressed as
where ℎ ! (t) is the hydraulic head away from the well (Figure 4a ), which is a function of time only and may be evaluated by replacing h by ℎ ! in equation (1):
Since ℎ ! and are both periodic with the same frequency we have
where ℎ !,! is the complex amplitude of ℎ ! and ! the amplitude of . It is notable that leakage causes both the amplitude and the phase shift of ℎ !,! to deviate from that of a perfectly confined aquifer and that ℎ !,! reduces to that of a perfectly confined aquifer when
Replacing h in equations (1) to (4) by Δℎ + ℎ ! and using equation (7) we have Since the steady-state solution of equation (8) has the form Δℎ = Δℎ ! !"# , the above equation may be reduced to an ordinary differential equation
with the boundary conditions
The solution to equation (9) is Δℎ ! = CI Io( ) + CK Ko( ), where Io and Ko are, respectively, the modified Bessel functions of the first and second kind and the zeroth order, and
The boundary condition (equation 10) asserts that CI = 0; thus Δℎ ! = ! ! .
Solving for ! with equation (12) and recalling
= − ! , where ! is the modified Bessel function of the second kind and the first order, we have
Thus,
Inserting equation (14) into equation (11) we finally have,
where
An independent derivation of equation (15) using Laplace transform is given in the Supporting Information. The solution has three independent parameters, T and S for the aquifer and K'/b' for the semi-confining aquitard. We define the amplitude ratio of the tidal response as
and the phase shift is defined as
where arg(z) is the argument of the complex number z. Verification of equation (15) against published analysis cannot be made because no such analysis is available. Partial verification of the solution may be made by letting K' = 0. Equation (15) then reduces to
which is identical to the classical solution for a perfectly confined aquifer [Hsieh, et al., 1987; Doan, et al., 2006] . Figure 3 further shows that the predicted phase shift and amplitude ratio for the O1 (diurnal lunar) and M2 tides by equation (15) at ′ = 0 match seamlessly with those predicted by perfectly confined aquifer.
On the other hand, equation (15) cannot be reduced to the classical solution for a purely unconfined aquifer at T = 0 because, while the classical unconfined aquifer model is specifically that of a half space, the leaky aquifer model developed here is for an aquifer of finite thickness and confined below. More discussion on this point is given in the Supporting Information. [Hiesh, et al., 1987; Doan, et al., 2006] .
Application of the leaky aquifer model to the Arbuckle aquifer, Oklahoma
For decades, massive amounts of wastewater have been injected into the deeply buried part of the Arbuckle aquifer of Oklahoma, but volumes have increased substantially in the last decade. With it has followed dramatic increases in seismicity rate [Ellsworth, 2013; McGarr, et al., 2015; Walsh and Zoback, 2015; Weingarten, et al., 2015] , including several M>5 earthquakes [Keranen, et al., 2013 [Keranen, et al., , 2014 McNamara, et al., 2015; Yeck, Hayes, et al., 2016; Yeck, Weingarten, et al., 2016; Barbour, et al., 2017 ] (see Figure 4 for locations of disposal wells and epicenters of major earthquakes in 2016). In April 2017 the U.S. Geological Survey installed a pressure gauge in a deep monitoring well in the Arbuckle aquifer in northeastern
Oklahoma (see Figure 4 for well location with respect to injection wells and Table 1 for detailed well information), measuring water levels continuously at a rate of one sample per minute. Comparing with the conceptual model in Figure 1, We use the code Baytap08 [Tamura, et al., 1991] for extracting tidal signals from the data. The method is based on Bayesian statistics with the prior knowledge that the time series comprises tidal components with known periods, and a drift that includes long-period and secular changes. Figure 6 shows the time series of raw data for water level above the mean sea level in the USGS Oklahoma deep monitoring well. Figures 6b to 6c show, respectively, the drift that was removed and the remaining tides used in the analysis. There is no meteorological station at or very near the well; thus the barometric effect on water level is not corrected and we focus on the response to the M2 tide because it is less affected by changes in the barometric pressure. The effect of ocean tides at the USGS well is small because of the large distance of the well from the coasts; calculations using SPOTL (a software for modeling the response to ocean-tide loading [Agnew, 2012] ) show that the ocean-tide effect is ~5% of that of the solid Earth tide.
The period of the M2 tide (0.5175 day) is close to that of the S2 (semidiurnal solar) tide (0.5000 day); thus spectral leakage between the S2 and the M2 tides can pose challenges [Allègre, et al., 2016] . We choose a window size of 29.5036 days, the minimum time window needed to separate the frequencies of the semidiurnal M2
and S2 tides [Allègre, et al., 2016; Xue, et al., 2016] . Figure 6d shows the timevarying phase shift of water level response to the M2 and S2 tides, referenced to the local volumetric strain tides. Negative phase shift indicates phase lag and positive indicates phase advance. The root-mean-square errors for the determinations are ~0.3°, on average. Large and variable changes in the phase shift of the S2 tide are probably due to changes in barometric pressure and temperature; whereas, the phase shift of the M2 tide is positive and stable at ~12.5° throughout the studied period, demonstrating that the two tides are well separated in the analysis. The amplitude response of water level to the M2 tide is also stable at ~4.5 cm ( Figure   6e ), while that of the S2 tide shows much less stability. 
Interpretation of the tidal response
As noted earlier, both geologic studies [e.g., Johnson, 2008] and well logs (e.g., Figure 5 ) show that the Arbuckle aquifer is confined -an ideal target for massive injection of wastewater. Thus, the positive phase shift of water level from the above analysis (Figure 6d ) was unexpected and suggests that the confining units of the Arbuckle near the USGS deep well may be leaking. In this section we use the model for a leaky aquifer derived in section 3 to interpret the tidal response of the Arbuckle aquifer with data from the USGS Oklahoma deep monitoring well ( Figure   6 ). Table 1 lists the other hydrogeological parameters for the Arbuckle aquifer needed to interpret the measured phase shift from tidal analysis. In particular, the permeability (k) measured on small samples from the Arbuckle aquifer [Morgan and Murray, 2015] shows a range from 2x10 -14 to 3x10 -12 m 2 , and the specific storage Table 1 . For a given value of S, the curves lie close together for the realistic range of T; however, for a given value of T, the curves for the realistic range of S (Table 1) lie apart. Figure 7b shows the model curves (equation 14) for amplitude ratio versus log(K'/b') for the range of T and S in Table 1 ; here the curves for the range of T overlap at a given S.
The phase shift of 12.5° for the water level response to the M2 tide in the USGS well (Figure 2d ), represented by a purple horizontal line in Figure 7a , intersects the model curves at K'/b' of 10 -10 to 10 -9 s -1 for S = 2.6x10 -6 to 2.7x10 -5 .
Given the thickness of 277 m for the semi-confining aquitard (Table 1) , these values correspond to K' ~ 3x10 -8 to 3x10 -7 m/s, respectively. As shown in the next section, this result provides the basic evidence that the Arbuckle aquifer is leaking. 
Figure 7. (a) Calculated phase shift of water-level response to M2 tide as a function of K'/b' (colored curves) with predetermined values of T and S (Table 1) compared with observed phase shift in the USGS well (purple horizontal line). Intersections of the horizontal line with colored curves give K'/b' of the aquitard. (b) Calculated amplitude ratio of water-level response to M2 tide as a function of K'/b' (colored curves). Curves calculated with different values of T but the same S overlap on this diagram. Vertical lines correspond to the estimated K'/b' from (a), which intersect the respective colored
curves at amplitude ratios of ~1.
Discussion
Several aspects of the above analysis are discussed below, including the assessment and verification of the leakage of the Arbuckle aquifer, the estimate of the leakage rate, the electrical conductivity and water level in the USGS deep well, and the criteria for separating the leakage effect on tidal response from that of enhanced horizontal permeability.
Assessment on Leakage of the Arbuckle Aquifer
We may examine the hydraulic integrity of the aquitard above the Arbuckle aquifer by comparing the above estimated K' with that of a hypothetical, intact aquitard consisting of the same sequence of layers as shown in the well log ( Figure   5 ), each assigned with a representative hydraulic conductivity according to its lithology. The average vertical hydraulic conductivity of a sequence of horizontal layers may be estimated from the harmonic mean of the vertical hydraulic conductivity of the individual layers [Ingebritsen, et al., 2006] 
where Ki is the vertical hydraulic conductivity of the i th layer in the aquitard. This relation shows that the average vertical conductivity of the horizontal layers in the aquitard is controlled by the layer with the lowest conductivity. Table 2 shale in order to raise the calculated average vertical conductivity to the same order as that determined from tidal analysis. We therefore conclude that the basal shale above the Arbuckle aquifer near the USGS well is leaking, due perhaps to the presence of conductive fractures. 
Verification of the leakage assessment
Although there is no independent evidence near the USGS well to corroborate the result of the above assessment that the Arbuckle is leaking, hydrogeological simulations of groundwater flow in south central Oklahoma [Christenson, et al., 2011] show that significant vertical conductivity of the layers above the Arbuckle aquifer is required to fit observational data.
We may also test the consistency of the above result against existing laboratory measurements of rock properties. Figure 6b shows that the amplitude ratios of the tidal response of water level in the USGS deep well is ~1 for the range of K'/b' estimated above and the relevant T and S (Table 1) .
where ! is the amplitude of the oscillating volumetric strain in response to the M2 Table C1 in Wang (2000) ]. Kroll, et al. [2017] also estimated the poroelastic parameters for the Arbuckle formation based on the analysis of the coseismic response of water levels in some deep wells to large (M ≥ 5) induced earthquakes in Oklahoma. The approach was based on the assumption that the coseismic water-level response was caused by static volumetric strain estimated from a dislocation model with a set of earthquake source parameters [Kroll, et al., 2017] . Wang and Barbour [2017] compiled and analyzed the existing published measurements of coseismic volumetric strain and showed that most measured coseismic volumetric strains disagree with that calculated from the dislocation model. Thus additional mechanisms may play a role in the coseismic change of volumetric strain.
Estimate the Leakage Rate
Given the value of K'/b' from tidal analysis, we may estimate the rate of leakage across the aquitard near the USGS deep well. Figure 6a shows that the average hydraulic head of the Arbuckle aquifer was ~293.6 m above sea level (asl) during the time of this study, or ~46.6 m beneath the ground surface, given the ground elevation at the well (Table 1) . Although there is no shallow well data near the USGS well, the groundwater table in Oklahoma is mostly near the surface [Wang, et al., 2017] and pore pressure in the unconfined aquifer is likely to be hydrostatic, 
Electrical conductivity and water level in the USGS deep well
The specific electrical conductivity of groundwater in the USGS deep monitoring well was measured in April of 2017 and lies between 0.005 and 0.05 S/m. Since the USGS deep monitoring well is cased from the surface to the top of the Arbuckle aquifer ( Figure 5 ), water in the well comes solely from the Arbuckle aquifer. This measured specific electrical conductivity of the groundwater is within the range for freshwater, which is unexpected because it is at least an order of magnitude lower than the specific electrical conductivity of the flow-back fluids injected at the well before the USGS operation started (e.g., Edwards, et al., 2011; Li, et al., 2014) . Schoenball and Ellsworth, 2017] , suggesting that some injected fluid must have leaked into the basement [Zhang, et al., 2013; Barbour, et al., 2017] . The size of this leak is difficult to estimate but is likely to be small in view of the small porosity of the basement rocks.
Separating the leakage effect on tidal response from that of enhanced horizontal permeability
As noted earlier, considerable leakage of a confined aquifer may occur at negative phase shift. Thus it may be challenging to separate the effect of enhanced horizontal permeability on the tidal response of a confined aquifer from the effect of increased vertical leakage. For the tidal response of a confined aquifer, the increase in phase shift due to an enhancement of the horizontal permeability is associated with an increase in the amplitude ratio (Hsieh, et al., 1987; Doan, et al., 2006) . On the other hand, the increase of phase shift due to increased vertical leakage is associated with a decrease in the amplitude ratio (Figures 2 and 6 ). Thus changes in both the phase and amplitude ratio are needed in order to differentiate between the effect of enhanced horizontal permeability and that of increased vertical leakage. If permeability also increases in the horizontal direction, there will be an additional increase in phase shift, but the increase in amplitude ratio will offset the decrease due to increased vertical permeability. In this case, a large increase in phase shift may be associated with a reduced amplitude ratio.
Finally, we call attention to the simple nature of the model. As noted earlier, the leakage term -'ℎ/ ' in equation (1) 
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This Supporting Information consists of five parts: 1. Notations and definitions, 2. Verification of equation (15) by independent derivation using Laplace transform, 3.
Vertical flow in the leaky aquifer model, and 4. Estimate of aquifer property based on purely unconfined aquifer model.
Notations and definitions
h: hydraulic head above a common reference. and are the storativity and the transmissivity of the aquifer. We also distinguish between the casing radius ( ) in which the water level rises and the well radius ( ) where the water flow enters the well. is Skempton's coefficient which relates the pore pressure variation to the load applied to the porous media. and are the vertical hydraulic conductivity and the thickness of the aquitard.
If there were no well, the problem would be laterally invariant, so that all thederivatives are null. The change in hydraulic head would express itself after a Laplace transformation as (for sinusoidal signals, ). Equation (S2.1) simplifies into:
This is the same as equation (6) We eliminated the loading term from the partial differential condition to confine it to the boundary conditions. We then apply Laplace transform on (S2.6) to (S2.9) (S2.10) (S2.11) (S2.12) (S2.13)
The solution to equation (S2.10) is , with . Equation (S2.10) asserts than . We have then two unknowns to solve, and with the two equations (S2.12) and (S2.13). We then get
where .
With replaced by BKu, p by , and by the above expression, (S2.14) becomes (S2.15)
Finally, by multiplying both the numerator and the denominator by , we get (S2.16) which is identical to equation 15 in the main text.
Vertical flow in the leaky aquifer model
As noted in the text, equation (15) Figure S1 shows a plot of the predicted response of amplitude ratio and phase shift to the M2 tide of equation (S3.2) and of the purely unconfined aquifer model (S3.4) [Roeloffs, 1996; Wang, 2000] as functions of log . It shows that the two models are in good agreement in their predicted amplitude ratios. It also shows that the two models agree in the sign of the predicted phase shift; but the magnitude of the predicted phase shift by equation (7) is greater than that predicted by the unconfined model by a factor of 2. This difference reflects the fact noted in the main text that, while the classical unconfined aquifer model is specifically that of a half space, the leaky aquifer model developed here is for an aquifer of finite thickness and confined below. 
Estimate of aquifer property based on purely unconfined aquifer model
For purely unconfined aquifers, pore pressure response to solid tides may be expressed as [Roeloffs, 1996; Wang, 2000 ]:
where, is the loading efficiency, ! is the amplitude of the imposed tidal forcing, z is the depth from the water table, is the angular frequency of the imposed tidal forcing, D is the hydraulic diffusivity. The corresponding phase shift is given by
where z is the depth of the well and = 
